For a polynomial f(x) over a finite field F q , denote the polynomial f{y)-f (x) by </>f(x,y). The polynomial ipj has frequently been used in questions on the values of / . The existence is proved here of a polynomial F over F q of the form F = L r , where L is an affine linearized polynomial over F , such that / = g(F) for some polynomial g and the part of q>r which splits completely into linear factors over the algebraic closure of ¥ q is exactly <p F . This illuminates an aspect of work of D. R. Hayes and Daqing Wan on the existence of permutation polynomials of even degree. Related results on value sets, including the exhibition of a class of permutation polynomials, are also mentioned.
Introduction
Let f(x) be a monic polynomial in F [x] , where F is the finite field of prime power order q = p m . (Without loss, we shall assume throughout that / is separable, that is, f(x) $ F^^] . ) Questions relating to the value set of / in F ? (for example, whether / is a permuation polynomial on F q ) have frequently been tackled by consideration of the polynomial (p^(x, y) defined by q>f(x, y) = f(y)-f(x), its factorization over F q and any further reducibility over the algebraic closure F ? of F q (see [15] , Chapter 7, Section 4 and references on pages 379-381, [4] , [11] , [19] , [20] , for example).
Of course, <Pj-(x, y) has the trivial factor y -x and, more generally, if / = g(h), a composition of polynomials in F q [x] , then, in F q [x, y] , q>j is divisible by tp h . Such factorization aside, the most conspicuous possibility for factors of cp f in F q [x, y] are linear ones y -£x -a (£, a e F q ). Denote by A Ax, y) the factor of <p Ax, y) (monic in y, say) that is the product of all linear factors in F [x, y] . Employing some old terminology of Carlitz [3] , [16] , we say that / or <p f is factorable if l f = <p f , that is, <p f splits completely into linear factors in F q [x, y] . More generally, we refer to X f (actually in F [x, y] by Corollary 2.2 below) as the factorable part of (p f .
Preliminary studies on polynomials / with non-trivial factorable part (that is, having degA^ > 1) have been undertaken by Hayes [13] and Daqing Wan [20] ; see also [11] . Here we describe X, for arbitrary / and, in particular, identify all factorable polynomials. In summary, / always possesses a "factorable core", namely a factorable polynomial F(x) in F [x] for which / = g(F) (for some g(x) in F ? [x] ) and X^ = X F = q> F . In turn, F is a "cyclic extension of a linearized core" as we proceed now to describe.
To do this, we modify slightly the standard terminology for linearized polynomials-also known as //-polynomials, [ 
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700030585
[3]
The In Theorem 1.2 the factorable core F can be specified uniquely with 5 -0 in Theorem 1.1 and, additionally, with L a p-polynomial, not affine, if r= 1.
It was the Carlitz conjecture (see [14] ) on the non-existence of permutation polynomials of even degree n over F (q odd) which motivated the present treatment. A proof appears to be difficult when p \ n but, partly aided by consideration of the factorable part, it has been accomplished for n < 16 by Dickson [9] , Hayes [13] and Daqing Wan [20] . In fact, application of our theorems would significantly simplify their arguments and, in principle, allow further cases n = 18, 20, 22, ... to be solved (notably the case n = 18, p = 3, in which p 2 \n). We do not, however, incorporate such applications here because there is an alternative viewpoint (that of primitive permutation groups) which has an important bearing on the problem; a further paper is planned with this stance. Nonetheless we shall include some comments on the value sets of factorable polynomials and, in particular, exhibit what seems to be a new class of permutation polynomials.
When / is separable, <p^ is a product of distinct, irreducible polynomials
and evidently we may treat f 2 in place of / . For convenience, therefore, we shall assume that all polynomials in F q [x] are monic and separable and all polynomials in F [x, y] are monic in y.
The linearized core
We begin with some generalities. Given an irreducible (for example, linear) polynomial p(x, y) in F ? [ 
{x > y) if and only if f = h(F) for some h(x) e F q [x].
Linearized polynomials come to the fore in the next lemma ( [7, Lemma 4] 
With the above preparations, we now demonstrate the existence of a linearized core. LEMMA 
Given f{x) in F q [x], there exists a p-polynomial L{x) and a polynomial h(x) in F q [x] such that f = h(L) and fi^
= fi L = X L = g> L .
The cyclic extension
Given r with p \ r, we now suppose that £ is a primitive r th root of unity in ¥ p (a field which we can equally well visualise as F ? ). To complete the proof suppose L is given by (1.1) with k > 1 and a o a k ^ 0 and set / = {/: 0 < i < k, a l ^ 0 } . We deduce from the above that r\p si -1 for all i e I. In other words w\si for all / € / , where w denotes the order of p modulo r. By the definition of / , the highest common factor of the members of / is 1, which implies the fact, equivalent to the stated result, that w\s.
X f (x,y) = (L(y) -L{x))\{L{y -ft -C(x -ft))
(3.1) = (L(y) -L(x)) f[(L(y -ft)-L(C(x - r-l (3
.2) -JJ H(y-ft-C( X -ft)-y)
L{y)=0 1=0 (3.3) =(L(y)-L(x)) ft ft { [v ~ fi L (j,)=0/=l ^V Suppose that y is any root of L(x) (in F p ) . By
. r -1, because (y-ft-y/(l-C')) -C ( x -f t -y / ( l -? ) ) is a factor of X f so also is (y-ft -y/(l -
We are now ready to finish the proofs of Theorems 1.1 and 1.2. Let L be the linearized core of / and r be as in Lemma 3.2. We are done if r = 1; so assume r > 1. Let y -ft -£(JC -ft) be a factor of (p, (as in Lemma 3.1). We assert that actually L(ft) € F q .
To justify this, observe from Lemma 2.1 that y -ft 9 -C(x -ft 9 ) is also use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700030585 [7] The 
where
r , which proves the results (recall that L{0) e F q ) .
Further results and remarks
The observations to be made here will not be worked out exhaustively and details of the proofs will largely be left to the reader. The notation and conventions will be as before except that later the prime power q will be redefined.
Suppose that / is a separable monic polynomial of degree exceeding 1 over F q . By definition [15, Chapter 7, Section 4], / is called exceptional over F q if every irreducible factor (other than y -x) of (pj-in F q [x, y] factorises further in F q [x, y] , that is, no irreducible factor in F q [x, y] (other than y -x) is absolutely irreducible. Every exceptional polynomial over F is a permutation polynomial over F (by [5, Theorem 5] , for example), and conversely (at least for large q as a function of d e g / ) [20, Theorem 2.4] .
For the conjecture of Carlitz referred to in the introduction, it suffices to show that, for q odd, there are no exceptional polynomials of even degree. Now a composition / = g(h) of polynomials over F^ is exceptional (or a permutation polynomial) if and only if both g and h are also exceptional (or permuation polynomials). Thus, for many purposes, the study of exceptional (or permutation) polynomials can be restricted to indecomposable polynomials. As the nature of factorable polynomials in this context is not difficult to determine (see below), it may also be presumed that / has trivial factorable core. In particular, for example, for such an exceptional polynomial of even degree, over F q [x, y] exceptional polynomials of degree 12, for instance, (compare [20] ) and the principle has potential application to polynomials of higher degree. Nevertheless, for the reason stated in the introduction, we defer further discussion on this specific topic. On the other hand, we now describe all factorable exceptional polynomials. To do this, we set d = (s, m) In Theorem 4.1, note that the conditions on r imply that (r, q" -1) = 1. As an interesting corollary we deduce the following class of permutation polynomials over F q n, which, from [14] , seem to be new (at least when k> 1). COROLLARY [9]
Let t, n be relatively prime integers and r an integer such that r\(q' -
The factorable core of polynomials 317 irreducible quartics over F 27 .) It follows that xM 13 (;t) is a permutation polynomial over F y for all n such that 3 \ n and 8 \ n . (In fact, as noted above, the same conclusion can be drawn when 31 n but 8 \ n .)
We note that in this context, as well as the general criterion for a linearized polynomial to be a permutation on pages 361-362 of [15] , results such as those in [18] , [8] , [1] and [2] may also be useful.
At the other extreme from permutation polynomials (as far as the size of the value set is concerned), factorable polynomials F can also be ones whose value set in F^ has minimal size of approximately q/degf (see [17] , [19] , [12] ). This occurs whenever <p F -k F splits completely into linear factors over F q [x, y] 
(x) = (L(x) -a)
r in F ?n is (fa""* -l)/r) + 1.
In Theorem 4.3, the "monodromy group of F over F q ", that is, the Galois group of F(x) -z over F q {z), z an indeterminate, is regular as a permutation group on the roots. As hinted at earlier, there clearly could be merit in studying the monodromy group in the general case from the point of view of permutation group theory. There is obviously also scope for further work on the value sets of polynomials encompassing Theorems 4.1 and 4.3 and extended possibly to compositions of factorable polynomials.
